Published by Institute of Physics Publishing for SISSA/ISAS Received: April 21, 2004 Accepted: June 17, 2004

The partition function of the supersymmetric two-dimensional black hole and little string theory^∗

Dan Israël,^a Costas Kounnas,^a Ari Pakman^{ab} and Jan Troost^a

aLaboratoire de Physique Théorique de l’École Normale Supérieure^† 24, Rue Lhomond 75231 Paris Cedex 05, France, and bRacah Institute of Physics, The Hebrew University Jerusalem 91904, Israel E-mail: israel@lpt.ens.fr, kounnas@lpt.ens.fr, pakman@phys.huji.ac.il,

troost@lpt.ens.fr

Abstract: We compute the partition function of the supersymmetric two-dimensional euclidean black hole geometry described by the SL(2, R)/U(1) superconformal field theory. We decompose the result in terms of characters of the N = 2 superconformal symmetry. We point out puzzling sectors of states besides finding expected discrete and continuous contributions to the partition function. By adding an N = 2 minimal model factor of the correct central charge and projecting on integral N = 2 charges we compute the partition function of the background dual to little string theory in a double scaling limit. We show the precise correspondence between this theory and the background for NS5-branes on a circle, due to an exact description of the background as a null gauging of SL(2, R) × SU(2). Finally, we discuss the interplay between GSO projection and target space geometry.

Keywords: String Duality, Superstring Vacua, Conformal Field Models in String Theory, Black Holes in String Theory.

∗Research partially supported by the EEC under the contracts HPRN-CT-2000-00122, HPRN-CT-2000- 00131._†

Unité mixte du CNRS et de l’Ecole Normale Supérieure, UMR 8549.

© SISSA/ISAS 2004 http://jhep.sissa.it/archive/papers/jhep062004033 /jhep062004033 .pdf

Contents

1. Introduction 1

2. The supersymmetric coset by deformation 2 2.1 Partition function for supersymmetric SL(2, R) 3 2.2 Deformation towards the supersymmetric coset 4 2.3 Modular invariance 5

3. The character decomposition 7 3.1 The discrete representations 7 3.2 The continuous representations 11 3.3 Puzzling sectors of states 16 3.4 Comments on the Witten index 16

4. The double scaled little string theory 17 4.1 N = 2 minimal models: a reminder 17 4.2 Combining the two cosets 18 4.3 N = 4 structure of the double scaled little string theory 19 4.4 Spacetime supersymmetry 22

5. The NS5-branes on a circle and the exact coset CFT 23 5.1 The supergravity solution 24 5.2 The coset description 24 5.3 The spectrum of the coset and comparison with the orbifold 27

6. About spacetime supersymmetry and geometry 28

7. Conclusions 30

1. Introduction

Conformal field theories with an N = 2 superconformal symmetry have proven to be one of the most important building blocks in superstring theory backgrounds. Firstly, a theorem of Banks and Dixon [1] states than any superstring vacua with (at least) N = 1 spacetime supersymmetry in four dimensions is built by combining internal conformal field theories with worldsheet N = 2 superconformal symmetry.^1 A large class of examples is provided by Gepner models [3], that use the minimal N = 2 theories — constructed with the SU(2)/ U(1) coset — to obtain non-trivial supersymmetric string compactifications. The N = 2 algebra was also used to study Calabi-Yau compactifications in general, leading in particular to the further development of mirror symmetry [4, 5].

1See [2] for a generalization to Ads3 × M backgrounds.

– 1 –

The non-minimal N = 2 theories have been shown in [6] to be intimately related to the (bosonic) coset theory SL(2, R)/ U(1). In this paper we will elaborate on this connection by identifying these non-minimal N = 2 representations with the coset representations of the supersymmetric SL(2, R)/ U(1) coset [8], i.e. the gauged supersymmetric WZW model. The axial coset has a two-dimensional target space with a cigar geometry, and in two dimensions it has an interpretation as a euclidean black hole [7]. Recent interest for this superconformal field theory derives from the duality with the N = 2 super-Liouville theory, conjectured in [9] and studied in [10, 11]. The present work casts some new light on this duality, because we show explicitely that the partition function of the supersymmetric SL(2, R)/ U(1) can be decomposed in terms of (extended) N = 2 characters, which are the buildings blocks of the N = 2 super-Liouville theory [12]. This is natural in the light of the fact that the characters for the two models are identical. Another motivation for this work comes from the double scaling limit of the little string theory [9], corresponding to NS5-branes spread on a (topologically trivial) circle in the transverse space. In [9] the worldsheet CFT corresponding to the bulk geometry was argued to be the orbifold

SL(2, R)_k / U(1) × SU(2)_k/ U(1) Z_k . In this work we compute the partition function for this theory, and show explicitly that the Z_k is completely fixed by the requirement of spacetime supersymmetry, without any a priori assumption on the bulk geometry. Then we argue that this projection changes drastically the low-energy interpretation of the background, and that this orbifold is actually equivalent to a null gauged WZW model:

SL(2, R)_k × SU(2)_k U(1)_L × U(1)_R , whose target space corresponds precisely to a configuration of five-branes on a circle in supergravity, previously written down in [13].

Note added. When this work was near completion, the interesting work [56] appeared on the archive with a large overlap with the present paper. Among the complementary issues we consider are: the supersymmetric marginal deformation method, a precise analysis of the partition function and its decomposition in characters (including multiplicities of nonprimary states) and the relationship with the background for five-branes on a circle. On the other hand [56] has other additional and interesting material especially regarding the elliptic genus for these non-compact models.

2. The supersymmetric coset by deformation

Our aim is to find the modular invariant torus partition function for the supersymmetric SL(2, R)/ U(1) coset conformal field theory. The strategy we will use is to deform the supersymmetric SL(2, R)_k WZW model by a marginal deformation that preserves supersymmetry. It is a very economic way of obtaining the supersymmetric partition function for the supersymmetric coset. As a byproduct, it is interesting on its own right since

– 2 – supersymmetric deformations of SL(2, R) have only been studied in the asymmetric case (see [16]). In the bosonic case, the partition function of the coset has been computed in [14]. The discrete part has been also studied in [15].

2.1 Partition function for supersymmetric SL(2, R)

The partition function for the N = 1 supersymmetric SL(2, R) at level k is made of the direct product of a modular invariant factor for the purely bosonic SL(2, R) at level k + 2 and a modular invariant^2 factor for the free fermions, realizing a level -2 SL(2, R) algebra. The purely bosonic partition function has been obtained in [17] (following methods in [32, 14]). We refer the reader to these works for more detail. Let us start with the type 0B partition function (i.e. the partition function diagonal in fermion boundary conditions), for the universal cover of the SL(2, R) algebra — i.e. AdS_3:^3 Z = √ kτ_2 ηη̄ ∫ d^2s e^{2πτ2s21} |ϑ_1(s_1τ − s_2|τ)|^2 × × ∫_1 0 dt_1 dt_2 ∑ n,w∈Z e^{2iπns2} q^{14(k+2) (n−(k+2)(w+s1−t1))2}q̄^{14(k+2) (n+(k+2)(w+s1−t1))2} × × ∑ ñ,w̃ e^{2iπ(n−ñ)t2} q^{− 14(k+2) (ñ+(k+2)(w̃+t1))2}q̄^{− 14(k+2) (ñ−(k+2)(w̃+t1))2} ×

× 1 2 1∑ a,b=0 ϑ [ a b ] (τ, 0) ϑ̄ [ a b ] (τ, 0) . (2.1)

The first two lines are the partition function for the bosonic coset SL(2, R)/ U(1) while the third line corresponds to the extra time-like U(1) that extends the coset theory to SL(2, R). They are coupled through the Z orbifold given by the integral over t_1 and t_2.^4 The fermionic characters are defined as usual: ϑ [ a b ] (τ, ν) = ∑ f∈Z q^{12} (^{f+ a2} )^2 e^{2iπ}(^{ν+ b2} )(^{f+ a2} ) .

To proceed, we first integrate over t_2, and obtain the constraint n = ñ. Then we introduce the spectral flow quantum number: w_+ = w + w^′. Finally we factorize the supersymmetric J^3J̄^3 lattice associated to the currents at level k, that will eventually be removed by the gauging: Z = √ kτ_2 ηη̄ ∫_1 0 ds_1 ds_2 e^{2πτ2 s21} |ϑ_1(s_1τ − s_2|τ)^2|^2

∫_1 0 dt_1 ∑ n,w∈Z e^{2iπns2} × ×q^{14(k+2) (n−(k+2)(w+s1−t1))2}q̄^{14(k+2) (n+(k+2)(w+s1−t1))2} ×

2Or modular covariant factor for superstrings.

3We have removed the contribution of the neutral fermions associated to left and right U(1) currents J^3 and J̄^3 since they play no role in the following derivation.

4At least for integer level k, the partition function for the single cover is obtained by using instead a Z_{k+2} orbifold. But, as it is explained in [17], any cover of SL(2, R) gives the same axial coset.

– 3 –

× ∑ f,f̄,w_+∈Z 1 2 ∑ a,b∈Z_2 e^{iπ(f−f̄ )b} ×

×q^{k2(k+2)} ( f+^a_2 +^{n−(k+2)(w−t1)+(k+2)w++2f +a} k )_2

q^{− 1k} (^{n2 − k+22 (w−t1)+ k+22 w++f+ a2} )^2 × ×q̄ k 2(k+2) ( f̄ +^a_2 +^{−n−(k+2)(w−t1)+(k+2)w++2f̄ +a} k )_2

q̄^{− 1k} (^{− n2 − k+22 (w−t1)+ k+22 w++f̄+ a2} )^2 .(2.2)

The total current of the elliptic sub-algebra is given by the sum of the purely bosonic current and the fermionic current: J^3 = J^3+ : ψ^+ψ^− :, where the fermions have charge ±1 under the global U(1).

2.2 Deformation towards the supersymmetric coset

A marginal deformation compatible with the (local) N = 1 superconformal symmetry of the supersymmetric SL(2, R) theory is given by the current-current operator constructed with the total currents of the Cartan sub-algebra.^5 The action is perturbed by the operator: δS ∼ ∫ d^2z J^3(z)J̄^3(z̄) .

The action of this deformation at the level of the partition function is obtained by changing the radius of the corresponding lattice of (J^3, J̄^3), which we call (P_L, P_R) in the following. We replace: 1 2 P^2_L → − 1 4k [ ( n + f − f̄ ) R + ( −(k + 2)(w − t_1) + (k + 2)w_+ + f + f̄ + a ) R ]_2

1 2 P^2_R → − 1 4k [ − ( n + f − f̄ ) R + ( −(k + 2)(w − t_1) + (k + 2)w_+ + f + f̄ + a ) R ]_2 . The modular invariance is ensured along the line of deformation since it is a O(1, 1, R) transformation of a toroidal lattice. This should be understood in a formal sense since it is a divergent sum over timelike momenta. To go from the parent theory SL(2, R) to the coset theory SL(2, R)/ U(1) we have to remove all the contributions of the U(1) which is gauged. It is known, at least for the bosonic case [18, 17], that it can be done in a modular invariant way by taking an infinite marginal deformation, either R → 0 (axial coset) or R → ∞ (vector coset). In those limits the contribution of the extra U(1) decouples and can be safely removed. Here, since we would like to find the partition function for the cigar - the axial coset, we have to take the limit where the radius goes to zero. We have to (i) do an analytic continuation to get a well-defined sum over the momenta: R → iR and (ii) take the limit R → 0. The validity of this procedure will be checked later by showing explicitely the modular invariance of the resulting partition function. In the zero radius limit (i.e. axial coset), we get the constraint:

−(k + 2)(w − t_1) + (k + 2)w_+ + f + f̄ + a = 0 . (2.3)

5We have chosen as a Cartan the elliptic sub-algebra, in order to obtain at the end the euclidean black hole. For the minkowskian case one has to consider instead the hyperbolic (non-compact) one.

– 4 –

We define also N = n + f − f̄. Then we get the following partition function, after dropping the decoupled contribution of the extra U(1): Z = √ kτ_2 1 2 ∑ a,b∈Z_2 ∫_1 0 ds_1 ds_2 e^{2πτ2s21} |ϑ_1(s_1τ − s_2|τ)^2|^2 × × ∑ f,f̄,N,w_+∈Z e^{iπ(f−f̄ )b}e^{2iπ(N−f+f̄ )s2} ×

×q^{14(k+2) (N−2f−a−(k+2)(w++s1))2}q̄^{14(k+2)} (^{N+2f̄+a+(k+2)(w++s1)})^2 ×

×q^{k2(k+2)} (^{f+ a2 + Nk} )^2q̄^{k2(k+2)} (^{f̄+ a2 − Nk} )^2 . (2.4)

This is the partition function for the supersymmetric coset SL(2, R)_k / U(1) we wanted to compute. The central charge of this superconformal field theory is : c = 3(k + 2) k . We recall that the N=2 R-current of the super-coset, obtained by the standard Kazama- Suzuki procedure [19] is:

J_R =: ψ^+ψ^− : +

2J^3 k . The last line of the partition function, eq. (2.4) corresponds to the lattice of this N = 2 R-current by construction. So the left and right N=2 charges of the super-coset are:

Q_L = f + a 2 + N k , Q_R = f̄ + a 2 − N k . (2.5)

2.3 Modular invariance

Our result is by construction modular invariant since it has been obtained as the limiting case of a line of modular invariant theories. Nevertheless we will check the modular invariance directly, by putting the partition function in a form that will be at any rate useful in the following.

Partition function in lagrangian form. First we factorize from the R-current lattice the contribution that came from the free fermions in the parent theory: Z = √ kτ_2 1 2 ∑ a,b∈Z_2 ∫_1 0 ds_1 ds_2 ∑ f,f̄ ,N,w_+∈Z e^{iπ(f−f̄ )b} × ×e^{2iπ(N−f+f̄ )s2} e^{−2iπτ1 (N−f+f̄ )s1} e^{−2πτ2 (f+f̄+a+(k+2)w+)s1} e^{−πτ2 ks21} × × 1 |ϑ_1(s_1τ − s_2|τ)^2|^2 q^{12} (^{f+ a2 +w+})^{2+ (N−kw+)} 2 4k q̄^{12} (^{f̄+ a2 +w+})^{2+ (N+kw+)} 2 4k . (2.6)

Then we introduce the flowed fermionic levels, since the spectral flow also has to act on the SL(2, R) algebra at level −2 made with the fermions, as explained in [20]:

f + w_+ = f̃ , f̄ + w_+ = ~f̄ .

– 5 –

Recast in this form, namely eq. (2.6), the structure of the partition function is transparent. In fact, the weights that will appear in the spectrum will have the following form: L_0 = L^{SL(2,R),bosonic} 0 + L^{SL(2,R),fermionic} 0 − L^{U(1)−k}_0 ,

which is exactly what is expected from the standard GKO construction [21].

To prove modular invariance, we observe that the partition function, (2.6) can be rewritten in the lagrangian form, by a Poisson resummation on the momenta N of the compact boson as follows: Z = k 2 ∑ a,b∈Z_2 ∫_1 0 ds_1 ds_2 e^{2πτ2 s21} |ϑ_1(s_1τ − s_2|τ)^2|^2 ∑ M,w_+∈Z e^{− kπτ}2^{|(w++s1)τ −(M+s2)|2} ×

×ϑ [ a + 2s_1 b + 2s_2 ] ϑ̄ [ a + 2s_1 b + 2s_2 ] . (2.7)

The modular invariance of this expression is straightforwardly checked since it has the structure of a freely acting (continuous) orbifold (see [17] for more details). The partition function (2.7) is clearly understood as the constrained product of SL(2, R)_{k+2} × U(1)_k × U(1)_2.

The twisted super-coset partition function. The super-coset SL(2, R)/ U(1) has a discrete chiral symmetry Z_2 ×Z. While the first factor corresponds to the usual Z_2 symmetry of the fermions, the second factor is the symmetry of the non-compact supersymmetric parafermions. Any discrete subgroup of this Z symmetry can be gauged. We will need for the following the Z_k orbifold of this theory. Geometrically, this orbifold acts on the translational symmetry along the transverse compact coordinate of the cigar — the euclidean compact time direction of the 2D black hole. It is obtained by acting in the lattice of U(1)_k as follows: Z_{BH} = 1 k ∑ γ,δ∈Z_k Z_{BH} [ γ δ ]

= ∑ γ,δ∈Z_k 1 2 ∑ a,b∈Z_2 ∫_1 0 ds_1 ds_2 e^{2πτ2s21} |ϑ_1(s_1τ − s_2|τ)^2|^2 ×

× ∑ M,w_+∈Z e^{− kπτ}2 |(^{w++s1+ γk} )^{τ −}(^{M+s2+ δk} )| 2 ϑ [ a + 2s_1 b + 2s_2 ] ϑ̄ [ a + 2s_1 b + 2s_2 ] . (2.8)

The modular invariance of this expression is manifest. In the hamiltonian representation (i.e. after Poisson resummation), we will have in eq. 2.4: (i) to do the replacement w_+ → w_+ + γ/k and (ii) to insert the phase e^{2iπNδ/k} . So we obtain the following twisted sectors: Z_{BH} [ a; a b; b ][ γ δ ] = √ kτ_2 ∫_1 0 ds_1 ds_2 e^{2πτ2s21} |ϑ_1(s_1τ − s_2|τ)^2|^2 × × ∑ f̃ , ~f̄,N,w_+∈Z e^{iπ(f̃ −~} ¯_{f)b} e^{2iπ(N−f̃ +~} ¯_{f)s2} ×

– 6 –

×q^{14(k+2)} (^{N−2f̃−a−kw+−γ−(k+2)s1})^2q̄ 1 4(k+2) ( N+2 ~¯_{f+a+kw++γ+(k+2)s1}^{)2} × ×q^{k2(k+2)} (^{f̃+ a2 + N−γk −w+}) 2 q̄ k 2(k+2) ( ~¯_{f+} a_{2 −} N+γ_{k −w+}^{)2} e^{2iπN δk} . (2.9) In this expression [_{a;ā} b;b̄ ] denotes the spin structures on the two-torus for the left and rightmovers. If the left and right spin structures are not the same, one has to insert an additional phase e^{−iπ(b−b̄)s1} to ensure modular invariance of the orbifold.

3. The character decomposition

The analysis of the partition function we obtained for the super-coset, eq. (2.4) is carried out by identifying the characters of the super-coset SL(2, R)/ U(1) corresponding to the different representations, and then the irreducible characters of the (non-minimal) N = 2 superconformal algebra. In the following analysis, we will improve on the analyses that are present in the literature in the fact that we will take along multiplicities of all the states in the partition function explicitly.

3.1 The discrete representations

The first step in this decomposition is to expand the ϑ_1 factor coming from the twisted determinant of euclidean AdS_3 = SL(2, C )/ SU(2) in powers of the holonomies of the gauge field. Explicitely, we have, with y = e^{2iπ(s1τ −s2)}: 1 ϑ_1(s_1τ − s_2|τ) = i y^{1/2}q^{−1/12} η(τ) 1 ∏_∞ n=1(1 − yq^{n−1})(1 − y^{−1}q^n) = i y^{1/2} η^3 ∑ r∈Z y^rS_r(τ) (3.1)

where the function S_r is defined by (see [23]):

S_r(τ) = ∞∑ n=0 (−)^nq^{n(n+2r+1)2} . (3.2)

Note that the above expansion, eq. (3.1) is valid only for |q| < |y| < 1 which is indeed the case when 1 > s_1 > 0. We plug this expansion in the partition function, eq. (2.4), and we also (i) integrate over s_2 to get the constraint: N = r − r̄ + f̃ − ~f̄ and (ii) introduce a gaussian integral over s to linearize the integral over s_1, as was done in [14] for the bosonic coset. Then we obtain the following expression: Z = (qq̄)^{− c−324} τ_2 η^3η̄^3 ∑ a,b∈Z_2 ∫_∞ −∞ ds ∫_1 0 ds_1 ∑ f̃ , ~f̄,N,w_+∈Z e^{iπ(f̃ −~} ¯_{f)b} ×

× ∑ r,r̄∈Z e^{−2πτ2(2is+1+r+r̄+f̃+~} ¯_{f+a+kw+)s1} δ_{r−r̄+f̃ − ~}¯_{f,N} S_rS̄_{r̄} ×

×q^s 2+1/4

k +^1_{4(k+2)} (−N+2f̃ +a+kw_+)^2+^k_{2(k+2)} ( f̃+^a_2 +^{N−kw+}_k

)_2 × ×q̄ s2+1/4 k +^1_{4(k+2)} ( N+2 ~¯_{f+a+kw+}^{)2}_+ k_{2(k+2)}^{( ~}¯_{f+} a_{2 −} N+kw_k^{)2} . (3.3)

– 7 –

For the discrete representations first, we can proceed to the character decomposition. Starting from (3.3), we first integrate over s_1 to obtain: Z = 1 π (qq̄)^{− c−324} 1 η^3η̄^3 1 2 ∑ a,b∈Z_2 ∫_∞ −∞ ds ∑ f̃, ~f̄,N,w_+∈Z e^{iπ(f̃ −~} ¯_{f)b} ×

× ∑ r,r̄∈Z δ_{r−r̄+f̃− ~}¯_{f,N} S_rS̄_{r̄} ×

×q^s 2+1/4

k +^1_{4(k+2)} (−N+2f̃+a+kw_+)^2+^k_{2(k+2)} ( f̃ +^a_2 +^{N−kw+}_k

)_2 × ×q̄ s2+1/4 k +^1_{4(k+2)} ( N+2 ~¯_{f+a+kw+}^{)2}_+ k_{2(k+2)}^{( ~}¯_{f+} a_{2 −} N+kw_k^{)2} × × 1 − e^{−2πτ2 (2is+1+r+r̄+f̃+~} ¯_{f+a+kw+)} 2is + 1 + r + r̄ + f̃ + ~f̄ + a + kw_+

. (3.4)

Discrete representations of the coset. The discrete representations of SL(2, R) are either highest weight or lowest weight. When we parameterize the Casimir as: c_2 = s^2+1/4, they are labeled by s = i(1/2 − j), where j ∈ R_+ for the unitary representations. The spectrum of the elliptic sub-algebra (i.e. J^3) is: m = ±(j + r), r ∈ N. We have also to consider flowed representations (see [24, 25]), for which the quantum numbers m equal m = m̃ + kw_+/2.

To find the contribution of the discrete representations to the partition function, we observe that the second term in the last line of eq. (3.4) can be completed to a square if we shift the variable s as: s → s − ik/2. We pick up residues between the two contours for:

2ℑs = 1 + r + r̄ + f̃ + ~f̄ + a + kw_+ .

These poles will correspond to the discrete representations of the coset. We find that they are located in the interval: 1 2 < j < k + 1 2 , (3.5)

which is precisely the improved unitarity range (for level k + 2) for the discrete representations found in [25].

Representations j = 1/2 and j = (k + 1)/2. The expression obtained after the integration over s_1, eq. (3.4), has a pole for s = 0 whenever we have:

1 + r + r̄ + f̃ + ~f̄ + a + kw_+ = 0 .

This pole corresponds to the discrete representation with j = 1/2. Thus we choose to define the integral over s with the principal value prescription (written as usual P ∫ ), taking into account half of the pole. After the contour shift in the second term in the last line of eq. (3.4), we will find also half of the pole corresponding to the representation j = (k + 1)/2.

– 8 –

Discrete characters of the bosonic coset. To summarize, we can write the contribution of the discrete spectrum as:

Z_D = 1 ηη̄ 1 2 ∑ a,b∈Z_2 ∫_{(k+1)/2} 1/2 dj ∑ r,r̄,f̃, ~¯_{f,N,w+∈Z} e^{iπ(f̃ −~} ¯_{f)b} λ^j_r(q) λ^j_{r̄}(q̄) ×

×q^{k2(k+2)} ( f̃+^a_2 +^{N−kw+}_k

)_2 q̄ k 2(k+2) ( ~¯_{f+} a_{2 +}^{−N−kw}+_k^{)2} × ×δ(2j + r + r̄ + kw_+ + f̃ + ~f̄ + a) δ_{r−r̄+f̃− ~}¯_{f,N} (3.6)

where the discrete characters of the bosonic coset SL(2, R)/ U(1) are defined as (for several derivations of these characters, see the references [26, 27, 28, 23, 29]): λ^j_r(q) = q^{− (j−1/2)} 2 k +^{(j+r)2}_{k+2} Sr(τ)

η^2(τ)

. (3.7)

Note that we have found not only the correct conformal weights for the primaries, but also the right multiplicities for all the descendents contained in the characters. The discrete part of the partition function is thus composed of the product of discrete characters of the bosonic coset SL(2, R)/ U(1) and U(1) characters of the N = 2 R-current, obeying some constraints. The constraints on the N = 2 charges are those expected for the path integral construction of the supersymmetric coset [30], namely (m_t is the eigenvalue of J^3):

m_t + m̄_t = m̃_t + ~m̄_t + kw_+ = 2j + r + r̄ + kw_+ + f̃ + ~f̄ + a = 0 , (3.8) and m_t − m̄_t = r − r̄ + f̃ − ~f̄ = N , (3.9)

The solution of these constraints is: m_t = N/2 and m̄_t = −N/2, or, for the unflowed quantum numbers: m̃_t = N 2 − k 2 w_+ and ~m̄_t = − N 2 − k 2 w_+. (3.10)

To proceed we can solve explicitely for the constraints:

• first we trade the integral over j by a sum over half-integer values within the range (3.5)

• then we solve the constraints for r and r̄ for a given j: r = N 2 − k 2 w_+ − ( f̃ + a 2 ) − j r̄ = − N 2 − k 2 w_+ − ( ~f̄ + a 2 ) − j (3.11)

Since r and r̄ have to be integers, we will define in the following the discrete coset characters to be zero if the solutions of the constraints, eq. (3.11) are not integer-valued. With this

– 9 – convention in mind, we can recast the contribution of the discrete representations to the partition function as follows:

Z_D = 1 ηη̄ (qq̄)^{−c/24} 1 2 ∑ a,b∈Z_2 k+1∑ 2j=1

Υ(2j, 1) ∑ N,w_+∈Z ×

× ∑ f̃∈Z e^{iπbf̃} λ^j_{N2 − k2 w+−}(_{f̃+ a2} )_{−j} q^{k2(k+2)} ( f̃ +^a_2 +^{N−kw+}_k

)_2 ×

× ∑ ~¯_{f∈Z} e^{−iπb~} ¯_f¯ λ^j_{− N} 2 −^k_2 w_+− ( ~¯_{f+} a_2^)_{−j} q̄ k 2(k+2) ( ~¯_{f+} a_{2 +}^{−N−kw}+_k^{)2} . (3.12)

In this expression we have defined:

Υ(2j, 1) = 1 2 if 2j = 1 mod k = 1 otherwise . (3.13)

Link with extended N = 2 discrete characters. In this section we would like to make the connection to the decomposition of N = 2 extended characters in term of the characters of the bosonic coset [31]. In fact, from this analysis it is clear that the extended N = 2 characters and the extended characters for the supercoset agree. First, we observe that the partition function of the discrete representations, eq. (3.12), is written in terms of the following (twisted) unextended N = 2 discrete characters: ch_d(j, r) [ a b ] (τ, ν) = 1 η^3(τ) q^{− (j−1/2)} 2 +(j+r+a/2)2 k z^{2j+2r+ak} ϑ [_a b ] (τ, ν) 1 + (−)^bz q^{(1+a)/2+r} = ∑ n∈Z e^{iπb}(^{n+ a2} )λ^j_{k2 Qm−n− a2 −j} q^{k2(k+2)} (^{n+ a2 +Qm})^2 η(τ) z^{n+ a2 +Qm} (3.14)

where Q_m = 2m k = 2(j + r) k is the N = 2 charge of the primary, and z = e^{2iπν} . Then we rewrite the discrete partition function as:

Z_D = 1 2 ∑ a,b∈Z_2 k+1∑ 2j=1

Υ(2j, 1) ∑ N,w_+ ∈Z ch_d ( j, N 2 − k 2 w_+ − j ) [ a b ] (τ, 0) ×

×c̄h_d ( j, − N 2 − k 2 w_+ − j ) [ a b ] (τ̄ , 0) (3.15)

The extended characters of the N = 2 algebra were introduced in [12] because of their nice modular properties. Their decomposition in terms of bosonic coset characters was given in [31]:^6 Ch (j, r) [ a b ] = ∑ n^′∈Z ch_d(j, r + kn^′) [ a b ] (τ, ν) (3.16)

6From now we assume that the level k is integer.

– 10 –

= ∑ n,n^′∈Z e^{iπb}(^{n+ a2} )λ^j_{k2 Qm−n− a2 −j+kn′} q^{k2(k+2)} (^{n+ a2 +Qm+2n′})^2 η(τ) z^{n+ a2 +Qm+2n′} .

They differ from the standard N = 2 characters, eq. (3.14) by a sum over even N = 2 charges. Now, starting from eq. (3.15), we define: N = e + kp. The charge e is defined modulo k. We obtain then:

Z_D = 1 2 ∑ a,b∈Z_2 k+1∑ 2j=1

Υ(2j, 1) ∑ e∈Z_k ∑ p,w_+∈Z ch_d ( j, e 2 + k 2 (p − w_+) − j ) [ a b ] ×

×c̄h_d ( j, − e 2 − k 2 (p + w_+) − j ) [ a b ]

= 1 2 ∑ a,b∈Z_2 k+1∑ 2j=1

Υ(2j, 1) ×

× ∑ e∈Z_k { ∑ n,n̄ even ch_d ( j, e 2 + kn 2 − j ) [ a b ] c̄h_d ( j, − e 2 − kn̄ 2 − j ) [ a b ] +

+ ∑ n,n̄ odd ch_d ( j, e 2 + kn 2 − j ) [ a b ] c̄h_d ( j, − e 2 − kn̄ 2 − j ) [ a b ]} . (3.17)

So we get finally:

Z_D = 1 2 ∑ a,b∈Z_2 k+1∑ 2j=1

Υ(2j, 1) ×

× ∑ e∈Z_k { Ch_d ( j, e 2 − j ) [a b ] C̄h_d ( j, − e 2 − j ) [a b ] +

+ Ch_d ( j, e + k 2 − j ) [ a b ] C̄h_d ( j, − e + k 2 − j ) [ a b ]}

= 1 2 ∑ a,b∈Z_2 k+1∑ 2j=1

Υ(2j, 1) ∑ 2g∈Z_{2k} Ch_d (j, g − j) [ a b ] C̄h_d (j, −g − j) [ a b ] , (3.18)

where the charge 2g is defined modulo 2k. In short, we have proven that, for k integer, the discrete spectrum of the supersymmetric coset SL(2, R)/ U(1) can be decomposed in terms of extended discrete characters of the N = 2 algebra.

3.2 The continuous representations

Now we would like to identify the contributions coming from the continuous representations of SL(2, R). These representations are labeled by the Casimir c_2 = s^2 + 1/4 with s ∈ R_+ , and their parity 2α ∈ Z_2. These representations are neither highest nor lowest weight, and the spectrum of the elliptic operator is: m = α + n, n ∈ Z. We have flowed representations as well.

– 11 –

We start again from eq. (2.4). After extracting the poles corresponding to the discrete spectra, we are left with the following divergent expression:

Z_C = 1 πη^3η̄^3 1 2 ∑ a,b∈Z_2 P ∫_∞ −∞ ds(qq̄)^{s2k} ∑ N,w_+,f̃, ~¯_{f∈Z} e^{iπ(f̃ −~} ¯_{f)b} ×

× ∑ r,r̄∈Z δ_{r−r̄+f̃ − ~}¯_{f,N} { q^{14(k+2)} (^{N−2f̃ −a−kw+}) 2 +^k_{2(k+2)} ( f̃ +^a_2 +^{N−kw+}_k

)_2 ×

× q̄ 1 4(k+2) ( N+2 ~¯_{f+a+kw+}^{)2}_+ k_{2(k+2)}^{( ~}¯_{f+} a_{2 +}^{−N−kw}+_k^{)2} × × S_rS̄_{r̄} 2is + 1 + r + r̄ + f̃ + ~f̄ + a + kw_+ − − q^{14(k+2)} (^{N−2(f̃ +1)−a−k(w++1)}) 2 +^k_{2(k+2)} ( f̃ +1+^a_2 +^{N−k(w++1)}_k

)_2 +r × × q̄ 1 4(k+2) (N+2(

~¯_{f+1)+a+k(w+ +1))}2_+ k_{2(k+2)}^{( ~}¯_{f+1+} a_{2 +}^{−N−k(w}+^{+1)}_k^{)2}_{+r̄} × × S_rS̄_{r̄} 2is + 1 + r + r̄ + f̃ + ~f̄ + a + k(w_+ + 1) } . (3.19)

Shifting in the second term w_+ + 1 → w_+, f̃ + 1 → f̃, ~f̄ + 1 → ~f̄ (which is related to performing spectral flow by one unit in both the bosonic and the fermionic sector) and using the following identity:

q^rS_r(τ) = S_{−r}(τ) , (3.20)

we obtain finally the expression:

Z_C = 1 πη^3η̄^3 1 2 ∑ a,b∈Z_2 P ∫_∞ −∞ ds(qq̄)^{s2k} ∑ N,w_+,f̃, ~¯_{f∈Z} e^{iπ(f̃ −~} ¯_{f)b} q^{14(k+2)} (^{N−2f̃−a−kw+})^2 ×

×q^{k2(k+2)} ( f̃+^a_2 +^{N−kw+}_k

)_2 q̄ 1 4(k+2) ( N+2 ~¯_{f+a+kw+}^{)2} q̄ k 2(k+2) ( ~¯_{f+} a_{2 +}^{−N−kw}+_k^{)2} × × ∑ r,r̄∈Z δ_{r−r̄+f̃− ~}¯_{f,N} ( S_rS̄_{r̄} − S_{−r−1}S̄_{−r̄−1} ) 1 2is + 1 + r + r̄ + f̃ + ~f̄ + a + kw_+

. (3.21)

Then, to proceed, we note that we have the following identity:

S_r + S_{−r−1} = 1 , (3.22)

that expresses the splitting of an s = 0 (and α = 1/2) continuous representation in two discrete representations. Using this expression we recast the last factor of eq. (3.21) in the following form: ∑ r∈Z ( S_r − 1 2 ) 1 2is + 1 + 2r + 2f̃ + a − N + kw_+ +

– 12 –

+ ∑ r̄∈Z (S̄_{r̄} − 1/2) 1 2is + 1 + 2r̄ + 2 ~f̄ + a + N + kw_+

. (3.23)

First we would like to isolate the divergent term from this expression. By expanding ϑ [_a b ] (τ, ν)/ϑ_1(τ, ν) in powers of e^{2iπν} , we can also prove the following generalized identity: ∑ n (−)^{b(n+a/2)}q^{12 (n+a/2)2} S_{N−n} + (−)^{ab} ∑ n (−)^{b(n+a/2)}q^{12 (n+a/2)2} S_{−N−1−a−n} = ϑ [ a b ] (τ, 0) . (3.24) This allows to split naturally the left-moving and right-moving contributions of eq. (3.23) in sums over positive integers as follows: ∞∑ r=0

( S_{r−f̃} − 1 ) + 1/2 1 + 2r + 2is + a − N + kw_+ + (−)^{ab} ( S_{r−f̃−a} − 1 ) + 1/2 1 + 2r − 2is − a + N − kw_+ +

+ ∞∑ r̄=0

( S̄_{r̄−~} ¯_f − 1 ) + 1/2

1 + 2r̄ + 2is + a + N + kw_+ + (−)^{ab} ( S̄_{r̄−~} ¯_{f−a} − 1 ) + 1/2 1 + 2r̄ − 2is − a − N − kw_+ . (3.25)

One could have obtained naturally this decomposition by expanding directly the supersymmetric determinant |ϑ [_a b ] /ϑ_1|^2 in powers of the holonomies from the beginning of the computation. The first terms of the expansion of the function S_r, eq. (3.2) are:

S_r = 1 − e^{−2πτ2 (r+1)}e^{2iπτ1(r+1)} + O ( e^{−2πτ2(2r+3)} ) . Therefore, as τ_2 > 0 in the fundamental domain, all the terms in the expansion of S_{r−f̃} − 1 are sub-leading with respect to the constant 1/2 term in the sum over r ∈ N. This leading constant term gives a logarithmic divergence that needs to be correctly regularized. Since this term does not depend on the modular parameter τ it can be interpreted as a density of states.

The density of long string states. The procedure to regularize this divergent factor was already discussed in [32] for thermal AdS_3 and in a closer context in [14] for the bosonic coset. We adopt the same “Liouville wall” regularization as in the aforementioned papers and find contributions like: ∞∑ n=0 e^{−nϵ} A + n = log ϵ + d dA log Γ(A) + O(ϵ) . (3.26)

By using this regularization procedure for the four divergent pieces of (3.25) and adding the contributions of s > 0 and s < 0 from the integral, we obtain:

ρ(s; N, w_+; a) = 1 π log ϵ + (3.27) + 1 8iπ d ds log { Γ (_1 2 − is +^a_2 −^N_2 +^k_2 w_+ ) Γ (_1 2 + is +^a_2 −^N_2 +^k_2 w_+ ) Γ (_1 2 − is −^a_2 +^N_2 −^k_2 w_+ ) Γ (_1 2 + is −^a_2 +^N_2 −^k_2 w_+ ) ×

– 13 –

× Γ (_1 2 − is +^a_2 +^N_2 +^k_2 w_+ ) Γ (_1 2 + is +^a_2 +^N_2 +^k_2 w_+ ) Γ (_1 2 − is −^a_2 −^N_2 −^k_2 w_+ ) Γ (_1 2 + is −^a_2 −^N_2 −^k_2 w_+ ) } . The divergent factor in the first line has been argued in [32] to correspond to the divergence due to the infinite volume available for the long strings. The second one gives the regularized density of continuous representations. Thinking of the duality of the supersymmetric SL(2, R)/ U(1) coset with N = 2 Liouville, we can view this result in terms of the ratio of the reflection amplitudes in two N = 2 Liouville theories differing by a flipping of sign in the exponential potential. In fact, our result matches the computations of two-point functions in N=2 Super-Liouville,^7 both in the NS and R sectors [33]. This is a method preserving N = 2 superconformal symmetry to confine the strings to a finite volume and obtain a regularized density of states.^8 If we use the parameterization (3.10) for the the total current J^3 and J̄^3 eigenvalues, this expression is just:

ρ(s; m̃_t, ~m̄_t; a) = 1 π log ϵ + 1 8iπ d ds log { Γ (_1 2 − is +^a_2 − m̃_t ) Γ (_1 2 + is +^a_2 − m̃_t ) Γ (_1 2 − is −^a_2 + m̃_t ) Γ (_1 2 + is −^a_2 + m̃_t ) ×

× Γ (_1 2 − is +^a_2 − ~m̄_t ) Γ (_1 2 + is +^a_2 − ~m̄_t ) Γ (_1 2 − is −^a_2 + ~m̄_t ) Γ (_1 2 + is −^a_2 + ~m̄_t ) }

= 1 π log ϵ + 1 4iπ d ds log { Γ (_1 2 − is +^a_2 − m̃_t ) Γ (_1 2 + is +^a_2 − m̃_t ) Γ (_1 2 − is −^a_2 + ~m̄_t ) Γ (_1 2 + is −^a_2 + ~m̄_t ) } (3.28)

where we have used in the last line the fact that m̃_t − ~m̄_t ∈ Z. To summarize, we have obtained the continuous spectrum in the following form:

Z_C = 1 2 ∑ a,b∈Z_2 ∑ N,w_+∈Z P ∫_∞ 0 dsρ(s; N, w_+; a)ch_c ( s, N 2 − k 2 w_+ )[ a b ] c̄h_c ( s, − N 2 − k 2 w_+ )[ a b ] . (3.29) We have introduced the following continuous characters of the N = 2 algebra (with 2m ∈ Z): ch_c(s, m) [ a b ] (τ, ν) = 1 η^3 q^{s2+m2k} z^{2mk} ϑ [ a b ] (τ, ν) = 1 η ∑ n e^{iπb}(^{n+ a2} ) z^{2mk +n+ a2} q^{k2(k+2)} (^{n+ a2 + 2mk} )^2λ̂_{1/2+is,n+} a_{2 −m}(τ) . (3.30)

In the last line, we have decomposed the continuous N = 2 characters in terms of the coset characters for the continuous representations: λ̂_{1/2+is,m}(τ) = 1 η^2 q^s 2 k +^{m2}_{k+2} . (3.31)

7These computations correspond to the sector m̃t = ~m̄t.

8Note that the potential used to regularize the volume divergence is largely arbitrary and each choice of regularization would lead to a different regularized density of states. In our case, preservation of the extended N = 2 superconformal symmetry severely limits the choice of regularization.

– 14 –

Decomposition in extended continuous N = 2 characters. We have already shown that the discrete characters of the supersymmetric coset can be decomposed into extended discrete characters of N = 2. Now we would like to introduce the extended continuous characters of N = 2 [12]. They are also given by (see [31] for details): Ch_c(s, m) [ a b ] (τ, ν) = ∑ n∈Z ch_c(s, m + kn) [ a b ] (τ, ν)

= q^{s2k} ϑ [_a b ] (τ, ν) η(τ) Θ_{2m,k} ( τ, 2ν k ) (3.32)

where we have introduced the classical theta function at level k: Θ_{m,k}(τ, ν) = ∑ n∈Z q^k(^{n+ m2k} )^2 z^k(^{n+ m2k} ) . (3.33)

To decompose the partition function in terms of extended characters we need another regulator compatible with them. In fact, the density of continuous representations we obtained before, eq. (3.28), is not invariant under spectral flow shifts by k units. To obtain a invariant regulator, we could have started our computation with the expansion of the full determinant |ϑ [_a b ] /ϑ_1|^2 Θ_{m,k}Θ̄_{−m,k} in powers of the holonomies. Then the sum over r can be splitted using the the following identity: ∑ n,n^′ (−)^{b(n+a/2)}q^{12 (n+a/2)2 +k}(^{n′+ m2k} )^2 S_{N−n−kn}′ + (3.34)

+(−)^{ab} ∑ n,n^′ (−)^{b(n+a/2)}q^{12 (n+a/2)2 +k}(^{n′− m2k} )^2 S_{−N−1−a−m−n−kn}′ = ϑ [ a b ] (τ, 0)Θ_{m,k}(τ, 0) .

Now we can split the variable N as for the discrete representations: N = kp + e, with e ∈ Z_k, and then we define the mod 2k charge 2g = e + kt, t = 0, 1. We obtain the following anti-symmetric combination of extended continuous N = 2 characters:

Z_C = 1 2 ∑ a,b∈Z_2 P ∫_∞ 0 ds ∑ 2g∈Z_{2k} ρ(s, g, −g; a)Ch_c (s, g) [ a b ] × C̄h_c (s, −g) [ a b ] (3.35)

with the following density of states: ρ(s, g, ḡ; a) = 1 π log ϵ + 1 4iπ d ds log { Γ (_1 2 − is +^a_2 − g ) Γ (_1 2 + is +^a_2 − g ) Γ (_1 2 − is −^a_2 + ḡ ) Γ (_1 2 + is −^a_2 + ḡ ) } . (3.36)

Note that the leading divergent term is modular invariant by itself, as we now from [12] and [31]. We have learned here that different regularization procedures give different finite parts for the density of states. Finally we would like to stress that, due to the expression of the continuous characters, the leading contribution to the partition function is given by a free field computation.^9

9We thank the referee for this remark.

– 15 –

3.3 Puzzling sectors of states In the last subsections we have succeeded in decomposing the partition function in both discrete and continuous representations of the supersymmetric coset theory SL(2, R)/ U(1). The contribution of the continuous representations came with an infrared divergence, that we regularized. The regularized expression gives a non-trivial density of states. However, the partition function contains also a piece corresponding to the the finite part of the partition function after the extraction of the discrete representations. These new sectors are explicitely given by: [ ∑ r∈Z S_r 1 2 + is +^a_2 − m̃_t + r − ∑ r∈N 1 1 2 + is +^a_2 − m̃_t + r ] q^s 2+m̃2 t k η^3 ϑ [ a b ] , (3.37)

and we have a similar term with non-trivial contribution from the right-moving sector. These terms cannot be interpreted as coming from usual highest weight representations of SL(2, R). Our regularization procedure is not obviously modular invariant and/or compatible with the SL(2, R) affine symmetry of the parent theory. A modular invariant regularization is provided by using for the H_3 determinant the function: 1/|ϑ_1(ν|τ)|^{2(1−ϵ)}, with ϵ > 0. However the explicit integration over the holonomies becomes challenging.

3.4 Comments on the Witten index

The twisted RR sector of the partition function: Tr_{RR}(−)^F q^{L0} (−)^{F̄} q^{L̄0} is a constant — the Witten index [22] — and we observe that it can be computed straightforwardly, using the lagrangian form of the un-decomposed partition function, eq. (2.7):

I_W = k

∫_1 0 ds_1 ds_2 1 | |ϑ[1+2s_{11+2s2}] | |^2 ∑ M,w_+∈Z e^{− kπτ}2^{|(w++s1)τ −(M+s2)|2} | |ϑ [ 1 + 2s_1 1 + 2s_2 ]| |^2

= k ∫ R^2

du_1 du_2 e^{− kπτ}2^{|u1τ −u2|2} = 1 . (3.38)

Even if the partition function for the super-coset, eq. (2.4) is divergent, as the bosonic coset partition function [14], the Witten index is finite. However the computation is very sensitive to the normalization of the path integral that lead to the expression (2.1). We will explain now how the present computation is consistent with the decomposition of the supersymmetric coset partition function into N = 2 characters.

Contribution of the extended discrete characters: we recall that the extended discrete characters of N = 2 are given by: Ch_d(j, r) [ a b ] (τ, ν) = 1 η^3(τ) ∑ n∈Z q^{−(j−1/2)} 2 +(j+r+a/2+kn)2 k z^{2j+2r+ak} ϑ [_a b ] (τ, ν) 1 + (−)^bz q^{(1+a)/2+r+kn} . (3.39) Therefore in the twisted Ramond sector we have: Ch_d(j, r) [ 1 1 ] (τ, 0) = ∑ n∈Z q^{−(j−1/2)} 2+(j+r+1/2+kn)2 k δ_{r+kn+1,0} = δ_{r+1,0 mod k} . (3.40)

– 16 –

So the full contribution of the discrete part of the partition function to the index is:

I_D = k+1∑ 2j=1

Υ(2j, 1) ∑ m∈Z_{2k} Ch_d ( j, m 2 − j ) [1 1 ] C̄h_d ( j, − m 2 − j ) [1 1 ]

= k+1∑ 2j=1

Υ(2j, 1) ∑ m∈Z_{2k} δ_{m−2j,0 mod 2} × δ_{m−2j+2,0 mod 2k} × δ_{m+2j−2,0 mod 2k}

= 1 (3.41)

Therefore only one primary state from the discrete representations: j = 1, m = 0 (left and right) contribute to the Witten index in the axial coset.

The continuous representations — and the puzzling sectors as well — do not contribute to the Witten index. So the result is in perfect agreement with the direct computation of the Witten index using the lagrangian partition function.

4. The double scaled little string theory

The little string theory [34, 35] (LST) is the decoupling limit of the theory living on the NS five-branes, obtained by sending the string coupling constant to zero. This theory is non-gravitational but shares many properties with conventional string theories. An holographic description is provided by the near-horizon geometry of the five-branes background, which is an exact superconformal field theory [36, 37, 38] based on (for k fivebranes) SU(2)_k × R_Q2_{=2/k}. However, because of the linear dilaton this string background is strongly coupled down the throat. The authors of [9] show that this strong coupling problem can be avoided by going to the Higgs phase of the little string theory, and taking a double scaling limit. Using the duality between N = 2 super-Liouville and the supersymmetric coset SL(2, R)/ U(1), they argue that this background (the DSLST) is given by the following orbifold:

SL(2, R)_k / U(1) × SU(2)_k/ U(1) Z_k . This worldsheet CFT also describes superstrings on a singular non-compact Calabi-Yau space, in this case on an A_{k−1} ALE manifold. [39] Another regularization of the strong coupling problem is given by a null deformation of AdS_3, corresponding to adding a stack of fundamental strings to the five-branes setup [17]. In the following we will compute the partition function for the superconformal field theory of the double scaled little string theory, and show explicitely that it gives a spacetime supersymmetric string background (related issues were considered in [40]).

4.1 N = 2 minimal models: a reminder Here we would like to recall the partition function of the supersymmetric SU(2)_k/ U(1) coset. The building blocks are the N=2 minimal models characters which are given by (see [41, 42, 43]): χ^{j(s)}_m (τ, ν) = ∑ n∈Z_{k−2} c^j_{m+4n−s}(τ)Θ_{2m+k(4n−s),2k(k−2)} ( τ, ν k ) (4.1)

– 17 – where the c^j_m are the SU(2)_{k−2} string functions. The charge s is defined modulo 4: s = 0, 2 are the NS sectors with (−)^F = +1, −1 and s = 1, 3 are the R sectors with (−)^F = +1, −1. Note that in the NS sector, we have 2j + m even, while in the R sector, 2j + m is odd. We have the following symmetry: χ^{(k−2)/2−j(s+2)} m+k (τ, ν) = χ^{j (s)}_m (τ, ν) , (4.2)

and the modular transformation: χ^{j (s)}_m ( − 1 τ , 0 ) = 1 k ∑ j^′,m^′,s^′ sin ( π (2j + 1)(2j^′ + 1) k ) e^{iπ} (_{mm′} k −^{ss′}_2 ) χ^{j′ (s′)} m^′ (τ, 0) . (4.3)

Grouping the NS and R states we obtain the RNS characters: C^j_m [ a b ] = ( χ^{j (a)}_m + (−)^bχ^{j (a+2)}_m ) e^{iπ ab2} (4.4)

with the symmetry: C^{(k−2)/2−j} m+k [ a b ] = (−)^bC^j_m [ a b ] . (4.5)

Then a type 0B modular invariant is given by: Z_{MM} = 1 2 ∑ a,b∈Z_2 k−2∑ 2j,2j^′=0 ∑ n,n^′∈Z_{2k} N_{jj}′ M^{nn′} C^j_n [ a b ] C̄^{j′}_{n′} [ a b ] (4.6)

where N_{jj}′ is any modular invariant of SU(2), for example the A-invariant: N_{jj}′ = δ_{j,j}′ .

For the modular invariant of the level k theta functions M^{mm′} we can choose the diagonal one δ_{m,m}′ . Of great importance for the following will be the Z_k orbifold modular invariant: Z = ∑ n−n^′=0 mod 2k n+n^′=0 mod 2

Θ_{n,k}Θ̄_n′_{,k} = 1 k ∑ γ^′,δ^′∈Z_k ∑ n∈Z_{2k} e^{2iπ(n−γ′) δ′k} Θ_{n,k}Θ_{−n+2γ}′_{,k} .

Then we have the following orbifold sectors: Z_{MM} [ a; a b; b ][ γ^′ δ^′ ] = k−2∑ 2j=0 ∑ m∈Z_{2k} C^j_m [ a b ] C̄^{j′}_{−m+2γ′} [ a b ] e^{2iπ(m−γ′ ) δ′k} . (4.7)

4.2 Combining the two cosets

From now on we consider the two coset theories together, SL(2, R)/ U(1) and SU(2)/ U(1) with the same supersymmetric level k. The central charges add up to c = 6:

c = c_{SL(2,R)/ U(1),susy} + c_{SU(2)/ U(1),susy} =

3(k + 2) k + 3(k − 2) k = 6 . (4.8)

In order to obtain eventually a spacetime supersymmetric background, we have to consider a Z_k orbifold of this superconformal field theory.

– 18 –

N = 2 charges. Let us begin with the SL(2, R)/ U(1) part. The N=2 charges of the twisted 2D black hole are, from eq. (2.9):

Q_L = f̃ + a 2 + N − γ − kw_+ k , Q_R = ~f̄ + a 2 − N + γ + kw_+ k , (4.9)

combined with a projector: e^{2iπNδ/k}.

Now let us consider the SU(2)/ U(1) factor. From eq. (4.1), The N = 2 charges of the twisted N = 2 minimal model are:

Q^′_L = − s 2 + m k mod 2 , Q^′_R = − s 2 + −m + 2γ^′ k mod 2 (4.10)

combined with a projector: e^{2iπ(m−γ′ )δ′ /k}.

The Z_k orbifold. If we choose to identify the two projections (i.e. we mod out by a diagonal Z_k), namely γ^′ = γ, δ^′ = δ, we find the following set of total N=2 charges:

Q^{tot}_L = f̃ + a 2 − s 2 + m + N − γ k − w_+ mod 2

Q^{tot}_R = ~f̄ + a 2 − s 2 − N + m − γ k − w_+ mod 2 (4.11)

with the projector: e^{2iπ(m−γ+N) δk} . Summing over δ gives the constraint

m − γ + N = 0 mod k := kp , (4.12)

such that the left and right N = 2 charges are both integer. So the type 0B partition function for this theory is:

Z^{(0B)}_{SL(2,R)/ U(1)×SU(2)/ U(1)} = 1 2 ∑ a,b∈Z_2 1 2k ∑ γ,δ∈Z_k Z_{BH} [ a; a b; b ][ γ δ ] Z_{MM} [ a; a b; b ][ γ δ ] . (4.13)

Then we conclude that the Z_k orbifold of the superconformal theory SL(2, R)_k / U(1) × SU(2)_k/ U(1) has an integer spectrum of N = 2 R-charges. It will then be possible to construct a spacetime supersymmetric vacua using the spectral flow of the N = 2 algebra [44]. Now we consider the complete superstring background for the doubly scaled little string theory, i.e. the orbifold of SL(2, R)_k / U(1) × SU(2)_k/ U(1) times six dimensional Minkowski space. In the light-cone gauge we obtain the following partition function for type 0B DSLST: Z^{(0B)}_{DSLST} = 1 2 ∑ a,b∈Z_2 1 2k ∑ γ,δ∈Z_k Z_{BH} [ a; a b; b ][ γ δ ] Z_{MM} [ a; a b; b ][ γ δ ] 1 (8π^2τ_2)^2η^4η̄^4 ϑ^2 [_a b ] η^2 ϑ̄2[^a_b] η̄^2 . (4.14)

4.3 N = 4 structure of the double scaled little string theory In this section we would like to study the underlying N = 4 structure of the theory, and in particular relate the characters we obtained to the N = 4 characters of the near-horizon geometry of coinciding NS5-branes — the SU(2)_k × R_Q SCFT.

– 19 –

The N = 4 algebra. The superconformal symmetry of the theory SL(2, R)/ U(1) × SU(2)/ U(1) is enlarged to a small N=4 superconformal algebra, due to the Z_k orbifold. Explicitely, we have the following supercurrents and SU(2)_1 currents [45]:

G^± = − √ 2 k [√ k + 2 π^−e^{−i} √_{k−2} 2(k+2) H − + √ k − 2 ψ^−e^i √_{k+2} 2(k−2) H − ] e^{± i√2 H+} G̃^± = √ 2 k [√ k + 2 π^+e^i √_{k−2} 2(k+2) H − − √ k − 2ψ^+e^{−i} √_{k+2} 2(k−2) H − ] e^{± i√2 H+} (S^3, S^±) = ( i √ 2 ∂H^+, e^{±i} √ 2H^+ ) . (4.15)

Here ψ^± are the parafermionic currents of SU(2)/ U(1), π^± are those of SL(2, R)/ U(1) and H^± are free bosons. The boson H^+ is compactified at the self-dual radius R = √ 2 — in order to have an SU(2)_1 R-symmetry — and the boson H^− is compactified at the radius: R_{H−} = √ 2(k + 2) k − 2 . To exhibit the N = 4 structure in our partition function, eq. (4.13), we use the identity: k 2(k + 2)

Q^2 + k 2(k − 2)

Q^{′2} = 1 4 ( Q + Q^′ )_2 + k − 2 4(k + 2) ( Q − k + 2 k − 2 Q^′ )_2

. (4.16)

After the Z_k orbifold, the charges of the first factor are half-integer as they should be for an SU(2)_1 lattice.

On the equivalence between DSLST and LST superconformal algebras. We rewrite the generators of the N = 4 algebra for SL(2, R)/ U(1) × SU(2)/ U(1), eq. (4.15), with a free field representation for the SL(2, R)/ U(1) piece [28]:

G^± = − √ 2 k [(√ k + 2 2 ∂X − i √ k 2 ∂ρ ) e^{−i} √_2 k+2 X−i √_{k−2} 2(k+2) H − + √ k − 2 ψ^−e^i √_{k+2} 2(k−2) H − ] × × e^{± i√2 H+} , (4.17)

and we have a similar expression for the other SU(2) doublet. The fields X(z) and ρ(z) are canonically normalized chiral bosons, with a background charge on ρ: Q_ρ = √ 2/k. Now we perform the following O(2) rotation between the free fields X and H^−:

H^− = cos θ Ĥ^− − sin θ X̂ X = cos θ X̂ + sin θ Ĥ^− , with cos^2 θ = k − 2 k + 2

. (4.18)

And one obtains the following supercurrents:

Ĝ^± = − √ 2 k [(√ k − 2 2 ∂X̂+ √ 2∂Ĥ^−−i √ k 2 ∂ρ ) e^{− i√2 Ĥ−} + √ k − 2 ψ^−e^{−i} √_2 k−2 X̂+^i_{√2} Ĥ− ] × × e^{± i√2 H+} , (4.19)

– 20 –

Now, if we introduce the purely bosonic current of the SU(2)_{k−2} Cartan sub-algebra:

I^3(z) = i √ k − 2 2 ∂X̂ , (4.20)

One obtains exactly the N = 4 algebra for SU(2)_k ×R_Q2_{=2/k} [45], i.e. the near-horizon limit of coincident five-branes background. The theory differs only by the N = 2 super-Liouville potential, that breaks the SO(4) R-symmetry of the LST (the SU(2)_{k−1} × SU(2)_{k−1} isospin of the N=4 algebra) to the U(1) × Z_k symmetry of the DSLST.

Matching the continuous spectra. Implementing this isomorphism, we expect that the continuous spectrum, that correspond to asymptotic states, will be the same in SL(2, R)/ U(1) × SU(2)/ U(1) — the doubly scaled LST — and in SU(2) × R_Q — the LST. Explicitely we have for the SL(2, R)/ U(1) × SU(2)/ U(1) (still in type 0B):

Z_C = 1 4k ∑ a,b∈Z_2 ∑ γ,δ∈Z_k P ∫_∞ 0 ds ∑ 2g∈Z_{2k} e^{4iπg δk} ρ(s, g; γ; a)Ch_c (s, g − γ/2) [ a b ] ×

×C̄h_c (s, −g − γ/2) [ a b ] × k−2∑ 2j=0 ∑ m∈Z_{2k} C^j_m [ a b ] C̄^j_{−m+2γ} [ a b ] e^{2iπ(m−γ) δk} . (4.21) With the density of states: ρ(s, g; γ; a) = 1 π log ϵ + 1 4iπ d ds log { Γ (_1 2 − is +^a_2 − g +^γ_2 ) Γ (_1 2 + is +^a_2 − g +^γ_2 ) Γ (_1 2 − is −^a_2 − g −^γ_2 ) Γ (_1 2 + is −^a_2 + g −^γ_2 ) } . (4.22) We should only compare the leading divergent part of the density of states to match the spectra of the two theories, because the regularized density depends on the phase shift of the N = 2 super-Liouville potential which we used to regularize the partition function. For the divergent part, we obtain then, after solving for the constraints:

log ϵ 4kπ ∑ a,b∈Z_2 ∑ γ,δ∈Z_k k−2∑ 2j=0 ∫_∞ 0 ds ∑ m∈Z_{2k} { ( Ch_c ( s, − m 2 ) [a b ] × C^j_m [ a b ]) ×

× ( C̄h_c ( s, − m + 2γ 2 ) [ a b ] × C̄^j_{−m+2γ} [ a b ]) + + ( Ch_c ( s, − m 2 ) [a b ] × C^j_{m+k} [ a b ]) × (4.23) × ( C̄h_c ( s, − m + 2γ 2 ) [ a b ] × C̄^j_{−m+2γ+k} [ a b ]) } . Now we use the decomposition of extended continuous characters, eq. (3.32), and obtain:

log ϵ 4kπ ∑ a,b∈Z_2 ∑ γ,δ∈Z_k k−2∑ 2j=0 ∫_∞ 0 ds ∑ m∈Z_{2k} q s2 k η^3 Θ_{−m,k}ϑ [ a b ] × C^j_m [ a b ] ×

× q̄ s2 k η̄^3 Θ̄_{−m+2γ,k}ϑ̄ [ a b ] × C^j_{−m+2γ} [ a b ] +

– 21 –

+ q s2 k η^3 Θ_{−m,k}ϑ [ a b ] × C^j_{m+k} [ a b ] ×

× q̄ s2 k η̄^3 Θ̄_{−m+2γ,k}ϑ̄ [ a b ] × C^j_{−m+2γ+k} [ a b ] . (4.24)

Using the decomposition of SU(2) characters in terms of characters of the N = 2 minimal models: χ^j (τ)ϑ [ a b ] (τ, ν) = ∑ m∈Z_{2k} C^j_m [ a b ] (τ, ν)Θ_{m,k} ( τ, − 2ν k ) , (4.25)

and the charge conjugation symmetry of the N = 2 minimal model characters, eq (4.5), we get finally (see also [46]):

log ϵ 2π ∑ a,b∈Z_2 k−2∑ 2j=0 ∫_∞ 0 ds(qq̄)^{s2k} χ^jχ̄^jϑ^2 [ a b ] ϑ̄^2 [ a b ] . (4.26)

Putting the extra factors, one obtain for the full DSLST background:

log ϵ 2π ∑ a,b∈Z_2 k−2∑ 2j=0 ∫_∞ 0 ds (qq̄)^{s2k} χ^jχ̄^j ϑ^2 [ a b ] ϑ̄^2 [ a b ] 1 (8π^2τ_2)^2η^4η̄^4 ϑ^2 [_a b ] η^2 ϑ̄2[^a_b] η̄^2

. (4.27)

This is actually the type 0B partition function for the little string theory [38], i.e. the coincident five-branes background. This result is intuitive. In fact, the spectra of the asymptotic states -continuous representations - match because the asymptotic geometry is insensitive to the fact that the five-branes are distributed on a circle in the transverse space.

4.4 Spacetime supersymmetry

In the previous section we have combined the SL(2, R)/ U(1) and the SU(2)/ U(1) supersymmetric coset with a Z_k orbifold, such that the N = 2 charges are all integer, or, equivalently, such that the states of the theory belongs to representations of the small N = 4 algebra. A spacetime-supersymmetric theory is obtained from a type 0 theory by twisting with the operator (−)^{FL} acting on the left worldsheet fermion number. Let us consider separately the continuous and discrete part of the spectrum.^{10}

Continuous representations. Starting with continuous representations of SL(2, R)/ U(1), we get the following piece of the partition function after the twisting: Z^C_{DLST} = 1 2 ∑ a,b∈Z_2 (−)^{a+b} 1 2 ∑ ā,b̄Z_2 (−)^{ā+b̄+ηāb̄} k−2∑ 2j=0 P ∫_∞ 0 ds ∑ m,m̄∈Z_{2k} ρ(s; m, m̄; a, ā) × 10In this analysis we don’t consider the case of the new sectors of states since we don’t have a good explanation for them — however the twisting of the theory can be done in the same way.

– 22 –

× ( Ch_c ( s, − m 2 ) [a b ] × C^j_m [ a b ]) ( C̄h_c ( s, − m̄ 2 ) [ā b̄ ] × C^j_{m̄} [ ā b̄ ]) × × 1 (8π^2τ_2)^2η^4η̄^4 ϑ^2 [_a b ] η^2 ϑ̄2[^ā_{b̄}] η̄^2

. (4.28)

In this expression, η = 0 for type IIB superstrings and η = 1 for type IIA superstrings. As we have already noticed in the type 0B partition function, the leading divergent part of the density of states gives the partition function for the coincident NS5-brane background.

Discrete representations. We now consider the piece coming from the discrete representations of SL(2, R)/ U(1). In the same way, we obtain the following expression:

Z^D_{DLST} = 1 2 ∑ a,b∈Z_2 (−)^{a+b} 1 2 ∑ ā,b̄Z_2 (−)^{ā+b̄+ηāb̄} k−2∑ 2j=0 k+1∑ 2j^′=1

Υ(2j^′, 1) ×

× ∑ m,m̄∈Z_{2k} ( Ch_d ( j^′, − m 2 − j^′ ) [a b ] × C^j_m [ a b ]) ×

× ( C̄h_d ( j^′, − m̄ 2 − j^′ ) [ā b̄ ] × C^j_{m̄} [ ā b̄ ]) 1 (8π^2τ_2)^2η^4η̄^4 ϑ^2 [_a b ] η^2 ϑ̄2[^ā_{b̄}] η̄^2

. (4.29)

From this discrete spectrum we can compute the Witten index of the theory, that counts the number of Ramond ground states, for the SL(2, R)/ U(1) × SU(2)/ U(1) part of the background. We recall that the contribution to the Witten index of, respectively, the discrete extended characters of the supersymmetric SL(2, R)/ U(1) and the N = 2 minimal model characters are: Ch_d(j^′, r) [ 1 1 ] (τ, 0) = δ_{r+1,0 mod k} and C^j_m [ 1 1 ] (τ, 0) = δ_{2j,m} . (4.30)

Therefore, the Witten index for the DSLST is: k−2∑ 2j=0 k+1∑ 2j^′=1

Υ(2j^′, 1 mod k) ∑ m,m̄∈Z_{2k} δ_{2j,m}δ_{2j,m̄} × δ_{m−2j}′_{+2,0}δ_{m̄−2j}′_{+2,0} = k − 1 . (4.31)

Note that our result is in agreement with [40]. It matches the cohomology of the A_{k−1} ALE space, which is dual to this worldsheet CFT.

5. The NS5-branes on a circle and the exact coset CFT

In this section we would like to match the holographic description of the little string theory in a double scaling limit — the orbifold of SL(2, R)/ U(1) × SU(2)/ U(1) discussed in the last section — and the concrete supergravity description of the Higgs phase of little string theory, i.e. a distribution of NS5-branes in the transverse space.

– 23 –

5.1 The supergravity solution Following [13], the supergravity for k NS5 branes spread over a circle in the transverse space with Z_k symmetry is (in the string frame):^{11}

ds^2 = η_{μν} dx^μdx^ν + H(ρ, ψ)(dr^2 + r^2dϕ^2 + dρ^2 + ρ^2dψ^2) (5.1)

where the conformal factor is given by the following sum with Z_k symmetry:

H = 1 + k−1∑ n=0 α^′ r^2 + ρ^2 + ρ^2_0 − 2ρ_0ρ cos(2πn/k − ψ)

= 1 + α^′k 2ρ_0ρ sinh x

Λ_k(x, ψ) (5.2)

with:

e^x = r^2 + ρ^2 + ρ^2_0 2ρ_0ρ + √( r^2 + ρ^2 + ρ^2_0 2ρρ_0 )_2

− 1 (5.3) and Λ_k(x, ψ) = sinh kx cosh kx − cos kψ

. (5.4)

This function captures the discreteness of the distribution of five-branes with Z_k symmetry. In the large k limit, Λ_k(x, ψ) → 1, and we obtain a continuous distribution of NS5-branes. We now take the double scaling limit:

g_s → 0 , α^′fixed , U_0 ≡ ρ_0 g_sα^′ fixed , u_i ≡ x^i g_sα^′ fixed . (5.5)

Then, defining the coordinates:

u_1 = ρ_0 sinh ρ cos θ cos φ , u_2 = ρ_0 sinh ρ cos θ sin φ u_3 = ρ_0 cosh ρ sin θ cos ψ , u_4 = ρ_0 cosh ρ sin θ sin ψ . (5.6)

The solution is given by: ds^2 = η_{μν} dx^μdx^ν + kΛ_k(x, ψ) [ dρ^2 + dθ^2 + tan^2 θ dψ^2 + tanh^2 ρ dφ^2 1 + tan^2 θ tanh^2 ρ ]

B = kΛ_k(x, ψ) 1 + tan^2 θ tanh^2 ρ dφ ∧ dψ + kΛ_k(x, ψ) sin kψ tan θ sinh kx dφ ∧ dθ e^{−2ϕ} = α^′ k U^2_0 Λ^{−1}_k (x, ψ) ( cos^2 θ cosh^2 ρ + sin^2 θ sinh^2 ρ ) . (5.7)

In the double scaling limit we have: e^x = cosh ρ/ sin θ.

5.2 The coset description Our next task is to show that this supergravity background, eq. (5.7), corresponds actually to an exact coset conformal field theory. In the following we will consider the supersymmetric coset construction in order to compare directly with the previous results.

11We consider a special case of [13], where k stacks of N five-branes with a Z_k symmetry were considered. We restrict to the special case N = 1.

– 24 –

Superspace action for the coset. We consider the SL(2, R)_k × SU(2)_k superconformal theory. The supersymmetric WZW model is given by the following action for the matrix superfield G, taking values in SL(2, R) × SU(2): kS(G) = k 2π ∫ d^2z d^2θ Tr ( G^{−1}DGG^{−1}D̄G + ∫ dt { G∂_tG^{−1} ( DGD̄G^{−1} + D̄GDG^{−1} )} )

(5.8) and the superfield G is parameterized in Euler angles for both group factors as follows:

G = diag ( e^{iσ22 ΦL} e^{σ12 S}e^{iσ22 ΦR} , e^{iσ22 Φ̃L} e^{i σ12 Ω}e^{iσ22 Φ̃R} ) , (5.9)

where the superfields expanded in superspace-coordinates read: Φ_{L,R} = ϕ_{L,R} + θχ_{L,R} + θ̄χ̃_{L,R} + θθ̄f_{L,R} , (5.10) and so on. We obtain the following action for SL(2, R) × SU(2) at level k: kS(G) = k 4π ∫ d^2z d^2θ { DSD̄S − DΦ_LD̄Φ_L − DΦ_RD̄Φ_R − 2 cosh S DΦ_LD̄Φ_R

+ DΩD̄Ω + DΦ̃_LD̄Φ̃_L + DΦ̃_RD̄Φ̃_R + 2 cos Ω DΦ̃_LD̄Φ̃_R } . (5.11)

We would like to gauge the following U(1) × U(1) null isometry of SL(2, R) × SU(2): (G, G^′) → ( e^{iΛσ2} Ge^{iMσ2} , e^{iΛσ2} G^′e^{iMσ2} ) . (5.12)

The isometry belongs to the elliptic subgroup of SL(2, R).^{12} Because the generator of the isometries in SL(2, R) × SU(2) are null, the left and right gaugings are independent (see e.g. [48] for examples of null gaugings). Therefore the resulting target space will be four-dimensional. Note that in order to get a globally well-defined gauge theory, the gauge symmetry acts on U(1) symmetries in SL(2, R) and SU(2) with the same periodicity. Therefore, one defines this coset with the single cover of SL(2, R) rather than the universal cover which is usually considered.^{13} The action of the gauged WZW model is given by adding the chiral projections of two U(1) super-gauge fields, A and Ā: kS(G|A, Ā) = kS(G)+ k 2π ∫ d^2z d^2θ { A (¯ DΦ_R + cosh S D̄Φ_L ) +Ā (DΦ_L + cosh S DΦ_R) −

− cosh S AĀ + A ( D̄Φ̃_R + cos Ω D̄Φ̃_L ) + + Ā ( DΦ̃_L + cos Ω DΦ̃_R ) + cos Ω AĀ } . (5.13)

Under the super-gauge transformations the superfields transform as follows:

Φ_L → Φ_L + Λ , Φ_R → Φ_R + M Φ̃_L → Φ̃_L + Λ , Φ̃_R → Φ̃_R + M A → A + DΛ , Ā → Ā + D̄M (5.14) 12Another gauging involving the hyperbolic subgroup gives the Nappi-Witten cosmological solution [47]. 13Since the relative normalization of the action of the gauge fields in SL(2, R) and SU(2) is fixed by anomaly cancellation condition, the structure of the coset is rather rigid.

– 25 –

Therefore, we can make the super-gauge choice Φ_{L,R} = 0. We also define new coordinates: Φ̃_{L,R} = Ψ ± Φ, S = 2R and Ω = 2Θ. After integrating out the super-gauge fields, we find the following sigma-model: S = k π ∫ d^2z d^2θ { DRD̄R + DΘD̄Θ + cos^2 Θ cosh^2 R DΨD̄Ψ + sin^2 Θ sinh^2 R DΦD̄Φ cosh^2 R − cos^2 Θ + + sin^2 Θ cosh^2 R ( DΨD̄Φ − D̄ΨDΦ ) cosh^2 R − cos^2 Θ } . (5.15)

This sigma-model corresponds actually to the solution describing five-branes on a circle, eq. (5.7), in the limit Λ_k → 1. A dilaton is generated by the change of the measure in the path integral, whose expression is given in the supergravity solution. Note that this sigma model receives no perturbative corrections, to all orders in 1/k, because of N = (4, 4) superconformal symmetry. Non-perturbative corrections (i.e. worldsheet instantons) can however appear. Indeed, it has been remarked in [13] that the function Λ_k taking into account the discreteness of the distribution of five-branes, eq. (5.4), can actually be rewritten as the following infinite expansion:

Λ_k(x, ψ) = 1 + ∑ m≠0 e^{−k(|m|x−imψ)} , (5.16) which resembles an expansion in worldsheet instantons contributions. Therefore, as was done in [49] for the T-dual of ALF space (using complementary methods), it should be possible to capture the exact supergravity metric by considering instantons of the gauged WZW theory.

The link between this model and the SL(2, R)/ U(1) × SU(2)/ U(1) orbifold can be seen as follows: let us perform a duality transformation along the U(1) isometry generated by the superfield Ψ. Using the standard T-duality rules [50], one finds the following dual action: S = k π ∫ d^2z d^2θ { DRD̄R + DΘD̄Θ + tanh^2 R DΨD̄Ψ k^2

+ (5.17)

+ tan^2 Θ ( DΦ − DΨ k ) ( D̄Φ − D̄Ψ k ) + R^{(2)} ln(cosh^2 R cos^2 Θ) } . If we redefine Ψ/k = Ψ^′ and shift the superfield Φ: Φ − Ψ/k = Φ^′, we get exactly the superspace action for SL(2, R)/ U(1) × SU(2)/ U(1). We can have an indication of the presence of the Z_k orbifold for the following reason. The coordinate ψ has a periodicity: ψ ∼ ψ +2πn, n ∈ Z, inherited from the SU(2) group manifold. After the field redefinitions, the new coordinates have the periodicity: ψ^′ ∼ ψ^′ + 2πn/k, and φ^′ ∼ φ^′ + 2πm − 2πn/k. Therefore we have an Z_k orbifold whose action is given by the identifications: (ψ^′, φ^′) ∼ (ψ^′ + 2πn/k, φ^′ − 2πn/k). This is the geometrical interpretation of the Z_k orbifold performed in section 4 to achieve spacetime supersymmetry. To further argue that the theories are indeed the same, we will use below the exact coset description we found to show that the spectrum of the coset {SL(2, R) × SU(2)}/(U(1)_L × U(1)_R) and of the orbifold {SL(2, R)/ U(1) × SU(2)/ U(1)}/Z_k are explicitely the same.

– 26 –

Path integral analysis. We can use the standard techniques (see [30] and [51]) to obtain the spectrum of the CFT described by this supersymmetric coset. One starts with the path integral for the supersymmetric coset: Z = ∫ [dG][dA][dĀ]e^{−kS(G|A,Ā)} . (5.18) Then one can parameterize the super-gauge fields by superfields taking values in the gauged U(1) subgroup H:

A = HDH^{−1} , Ā = H̃D̄H̃^{−1} , (5.19)

and using the supersymmetric generalization of the Polyakov-Wiegmann identity [52], one can rewrite the path integral in a product form: Z = ∫ [dG][dH][dH̃][dB][dC]e^{−kS(H−1 GH̃)+kS(H−1H̃)−SSG} , (5.20) with a super-ghosts action coming from the jacobian of the change of variables (5.19): S_{SG} = 1 π ∫ d^2z d^2θ BD̄C − B̄DC̄ (5.21)

with B = β + θb, C = c + θγ, and the same for the antiholomorphic superfields. Then one change the variable H^{−1}GH̃ → G and gauge-fix: H = 1. In the specific case of a null gauging we are considering, the super-WZW action for the null subgroup actually vanishes: S(H̃) = 0. In short, the path integral for the model is just given by the sum of a SL(2, R) × SU(2) piece and a superghost action: Z = ∫ [dG][dB][dC]e^{−kS(G)−SSG} . (5.22) The theory possesses two chiral BRST currents. The BRST charge for the left-moving symmetry is, in terms of components: Q_{BRST} = ∮ dz 2π : c (J^3 + I^3) : + : γ (ψ^3 + χ^3) : (5.23)

where J^3 and I^3 are respectively the total SL(2, R) and SU(2) currents at level k, and ψ^3, χ^3 are the associated fermions. We have a similar BRST charge for the right-movers.

5.3 The spectrum of the coset and comparison with the orbifold

The previous analysis shows that the spectrum of the coset is the spectrum of the SL(2, R)× SU(2) supersymmetric WZW model times the super-ghosts contribution, constrained by the BRST symmetry (5.23). For simplicity let us consider NS ground states. We recall that we have to consider the single cover of SL(2, R). The weights of the primaries of the coset will be then:

L^{cs}_0 = c_2 k + j^′(j^′ + 1) k − w_L 2 m + k 4 w^2_L

L̄^{cs}_0 = c^2 k + j(j + 1) k − w_R 2 m̄ + k 4 w^2_R (5.24)

– 27 – where c_2 is the second Casimir of SL(2, R) and w_{L,R} the left and right spectral flows (see [25] for more details). In the BRST cohomology, the eigenvalues m/2 of J^3, the SL(2, R) Cartan, are constrained to be related to m^′/2, those of I^3, the SU(2) Cartan: m = −m^′ ≡ j^′ − r^′ , r^′ = 0, . . . , 2j m̄ = −m̄^′ ≡ j^′ − r̄^′ , r̄^′ = 0, . . . , 2j . (5.25)

Now let us refresh our memory about the spectrum of the primaries for the orbifold {SL(2, R)/ U(1) × SU(2)/ U(1)}/Z_k considered in the previous sections. We also restrict our attention to states that are in the ground state of the NS sector. Then we have the following conformal dimensions:

L^{orb}_0 = c_2 k + j^′(j^′ + 1) k + (m − γ − kw_+)^2 4k − m^{′2} 4k L̄^{orb}_0 = c^2 k + j(j + 1) k + (m + γ + kw_+)^2 k − (−m^′ + 2γ)^2 4k , (5.26)

and due to the Z_k orbifold we have the constraint: m + m^′ − γ = kp. We do the change of variables: −m^′ + 2γ → m̄^′, and find the spectrum:

L^{orb}_0 = c_2 k + j^′(j^′ + 1) k + w_+ − p 2 m^′ + k 4 (w_+ − p)^2

L̄^{orb}_0 = c^2 k + j(j + 1) k + w_+ + p 2 m̄^′ + k 4 (w_+ + p)^2 . (5.27)

To match the two spectra of primaries, eqs. (5.24) and (5.27), one has to identify the left and right spectral flows as follows:

w_L = w_+ − p , w_R = w_+ + p (5.28)

and the matching of the complete spectra follows from the matching of the dimensions of the primaries, since the structure of the characters is the same.

To summarize, we have proven that the background corresponding to NS5-branes on a circle, eq. (5.7) is given by the worldsheet orbifold CFT {SL(2, R)/ U(1)×SU(2)/ U(1)}/Z_k. This was an assumption in [9], used to study little string theory in a double scaling limit. In this section we have given strong arguments for this equivalence, using an exact coset description of the background, and we explicitly matched the spectrum with the orbifold theory.

6. About spacetime supersymmetry and geometry

From this specific example we can draw important conclusions for the construction of supersymmetric string backgrounds in general. Suppose one would like to construct a superstring background that corresponds to the spacetime geometry of the two-dimensional euclidean black hole times some flat coordinates:

ds^2 = k(dρ^2 + tanh^2 ρ dφ^2) + η_{μν} dx^μdx^ν , (6.1)

– 28 – described by an SL(2, R)_k / U(1)×R^{d,1} SCFT. Then one chooses an internal superconformal field theory such that the total central charge is c = 15. In our example, the “internal” CFT was simply SU(2)_k/ U(1), but one can choose more complicated examples as well. For the moment this theory cannot be spacetime supersymmeterized because the spectrum of charges of the N = 2 R-current is not integer. To achieve this goal, one has to perform a projection on integral charges, which is realized in string theory as an orbifold, because of the requirement of modular invariance. As in the example we studied in detail in this paper, the order of the orbifold scales like k. Therefore the effective geometry in which the low-energy effective theory lives is deeply altered. Let us illustrate this idea on a simple “toy model”. We consider simply a U(1) × U(1) theory at level k. The spectrum of the zero modes is given by:^{14}

L_0 α^′ = (n − kw)^2 4α^′k + (n^′ − kw^′)^2 4α^′k L̄_0 α^′ = (n + kw)^2 4α^′k + (n^′ + kw^′)^2 4α^′k . The spectrum of the low energy effective action is obtained in the limit α^′ → 0, with α^′k fixed. In this limit, the left and right contributions are equal and corresponds to states with mass squared m^2 = (n^2 + n^{′2})/(α^′k). The winding sectors are very massive and hence decouple from the low energy action. Now let us consider the Z_k diagonal orbifold of this theory. We have (i) a projection on the states with n − n^′ ≡ kp (with p integer) and (ii) new twisted sectors. The resulting spectrum is:

L_0 α^′ = [n − k(w + γ/k)]^2 4α^′k + [n − k(w^′ + γ/k) + kp]^2 4α^′k L̄_0 α^′ = [n + k(w + γ/k)]^2 4α^′k + [n + k(w^′ + γ/k) + kp]^2 4α^′k . Then in the effective theory the contributions to the masses of the physical states will be:

m^2 = 2 ×

(n − γ)^2 4α^′k m̄^2 = 2 ×

(n + γ)^2 4α^′k . Note in particular that the twisted sectors survive to the low energy limit, precisely because the order of the orbifold is k. This is qualitatively the same behavior as in the SL(2, R)/ U(1) × SU(2)/ U(1) CFT considered in this paper.

Some years ago, the following paradox was pointed out (see [53, 54, 55]): some backgrounds of superstring theory should be supersymmetric, because of worldsheet extended superconformal symmetry. However, the corresponding supergravity solution is manifestly not supersymmetric. One of the most obvious examples which was considered was in fact the SL(2, R)/ U(1) × SU(2)/ U(1) background. The string frame metric and dilaton for this solution are:

ds^2 = k(dρ^2 + tanh^2 ρ dφ^2) + k(dθ^2 + tan^2 θ dψ^2)

14Only in this part, α^′ is reinstalled in the formulas instead of having being set to two.

– 29 – e^{−2ϕ} = cosh^2 ρ cos^2 θ . (6.2)

Let us consider for example the dilatino variation for type-IIB supergravity in this background. We have: δλ = [ γ^μ∂_μϕ σ_3 − 1 6 H_{μνρ}γ^{μνρ} ] ( η_1 η_2 ) = √ k [ −Γ^ρ tanh ρ + Γ^θ tan θ ] σ_3 ( η_1 η_2 ) , (6.3)

and therefore all the supersymmetry is explicitely broken.

We now argue for a resolution of this paradox. The requirement of spacetime supersymmetry enforces the projection on integer charges in the underlying worldsheet CFT, hence the Z_k orbifold. Therefore the supergravity solution (6.2) is not the correct low-energy effective background for this theory, since the spectrum we would get for supergravity fluctuations around the background (6.2) wouldn’t match the α^′ → 0 limit (with α^′k fixed) of the {SL(2, R)/ U(1) × SU(2)/ U(1)} /Z_k spectrum. Rather the supergravity solution corresponding to this superstring background is given by the solution of five-branes on a circle, eq. (5.7), which is manifestly supersymmetric.

7. Conclusions

In this work we have computed the torus amplitude for the SL(2, R)_k / U(1) supersymmetric coset. We have used a supersymmetric marginal deformation method to obtain this result from the supersymmetric SL(2, R) partition function, in analogy to [18] for bosonic SU(2) and [17] for bosonic SL(2, R). This is the first time this method is used for a supersymmetric WZW model. Then we have performed the exact decomposition in characters — and not only for the primary states — of the supersymmetric coset, which are the same as the irreducible characters of the N = 2 algebra with c > 3. This last fact is an important element in favor of the duality between the SL(2, R)/ U(1) coset and the N = 2 super- Liouville theory. Moreover we have seen that the extended characters of N = 2, which have nice modular transformation properties, appear naturally in the decomposition. The spectrum we have found is composed of discrete representations, filling out exactly the improved range for the spin, and continuous representations accompanied by a divergent factor, due to the infinite volume available for them. Upon regularization, we find a divergent factor, corresponding to this volume divergence, and a finite part related to the reflection amplitude in N = 2 super-Liouville theory. Apart from these two pieces corresponding to standard characters of the coset, we find new sectors of states which may depend on the regularization procedure. Note that this is not a particular problem of our computation, but would also appear in the bosonic coset partition function [14] , the SL(2, R) partition function [17] (and presumably also in thermal AdS_3) if we also consider the exact expansion in characters, with the multiplicities, rather than only the expansion for the zero modes. This is an important open problem that deserves clarification.

Then we have considered the little string theory in a double scaling limit, corresponding to the worldsheet CFT SL(2, R)/ U(1) × SU(2)/ U(1). The integrality of N = 2 charges — necessary to achieve spacetime supersymmetry — is obtained by considering a Z_k orbifold

– 30 – of this CFT, much as in Gepner models [3]. We provide the spacetime supersymmetric partition function for this superstring background. The computation of the Witten index agrees with the expected result for superstrings on an A_{k−1} ALE space. We also give some insight on the relationship between this theory and the theory of coincident NS5-branes, i.e. the SU(2)_k × R_Q worldsheet CFT. We show in particular that the leading part of the partition functions, proportional to the (infinite) volume agree.

We have shown that the supergravity solution for NS5-branes spread on a circle in the transverse space with Z_k symmetry, given in [13], is actually given by an exact CFT, corresponding to the null gauging: (SL(2, R) × SU(2))/(U(1)_L × U(1)_R). After integrating out the gauge field, we obtain a sigma-model which is perturbatively exact, thanks to N = (4, 4) worldsheet superconformal symmetry. The metric, dilaton and NS-NS two form background fields agree with the supergravity solution, up to a multiplicative factor taking into account the discreteness of the distribution of branes. This factor could be interpreted as an expansion in worldsheet instantons contributions, that correct the sigma-model of the coset. Using the standard BRST quantization of gauged WZW model, we have shown that actually the spectrum of the null coset coincides precisely with the spectrum of the (SL(2, R)_k / U(1) × SU(2)_k/ U(1))/Z_k orbifold. This gives further strong arguments for the holographic duality between this worldsheet CFT and the double scaling limit of little string theory.

Getting inspiration from this example, we have discussed the relationship between spacetime supersymmetry of superstring backgrounds and low-energy effective geometry. To achieve spacetime supersymmetry with the N = 2 spectral flow one has to project onto integral charges of the N = 2 R-current, and this projection has a drastic effect on the interpretation of the corresponding supergravity background. We have illustrated this idea with a very simple U(1) × U(1) example and of course with the SL(2, R)_k / U(1) × SU(2)_k/ U(1) model. The correct supergravity description of the corresponding supersymmetric string background is the solution for NS5-branes on a topologically trivial circle. Also in the non-supersymmetric cases, it is not clear when it is possible to make sense of a string theory with non-integer N = 2 charges since various OPE’s between vertex operators of the theory will become non-local.

Acknowledgments

Thanks to Costas Bachas, Ben Craps, Shmuel Elitzur, Amit Giveon, Elias Kiritsis, Anatoly Konechny, Marios Petropoulos, Boris Pioline, Sylvain Ribault, Volker Schomerus, Amit Sever, and Konstadinos Sfetsos for interesting discussions. AP thanks the ENS-LPT for hospitality during the completion of this work. AP is supported in part by the Horowitz Foundation. This work is supported in part by the Israeli Science Foundation.

References

[1] T. Banks and L.J. Dixon, Constraints on string vacua with space-time supersymmetry, Nucl.

Phys. B 307 (1988) 93.

– 31 –

[2] A. Giveon and A. Pakman, More on superstrings in AdS_3 × N, J. High Energy Phys. 03 (2003) 056 [hep-th/0302217].

[3] D. Gepner, Space-time supersymmetry in compactified string theory and superconformal models, Nucl. Phys. B 296 (1988) 757.

[4] L.J. Dixon, Some world sheet properties of superstring compactifications, on orbifolds and otherwise, lectures given at The 1987 ICTP summer workshop in high energy physics and cosmology, Trieste, Italy, Jun 29 – Aug 7, 1987, PUPT-1074.

[5] W. Lerche, C. Vafa and N.P. Warner, Chiral rings in N = 2 superconformal theories, Nucl.

Phys. B 324 (1989) 427.

[6] L.J. Dixon, M.E. Peskin and J. Lykken, N = 2 superconformal symmetry and SO(2, 1) current algebra, Nucl. Phys. B 325 (1989) 329.

[7] E. Witten, On string theory and black holes, Phys. Rev. D 44 (1991) 314.

[8] S. Nojiri, Superstring in two-dimensional black hole, Phys. Lett. B 274 (1992) 41 [hep-th/9108026].

[9] A. Giveon and D. Kutasov, Little string theory in a double scaling limit, J. High Energy Phys. 10 (1999) 034 [hep-th/9909110].

[10] K. Hori and A. Kapustin, Duality of the fermionic 2D black hole and N = 2 liouville theory as mirror symmetry, J. High Energy Phys. 08 (2001) 045 [hep-th/0104202].

[11] D. Tong, Mirror mirror on the wall: on two-dimensional black holes and Liouville theory, J.

High Energy Phys. 04 (2003) 031 [hep-th/0303151].

[12] T. Eguchi and Y. Sugawara, Modular bootstrap for boundary N = 2 Liouville theory, J. High Energy Phys. 01 (2004) 025 [hep-th/0311141].

[13] K. Sfetsos, Branes for Higgs phases and exact conformal field theories, J. High Energy Phys.

01 (1999) 015 [hep-th/9811167].

[14] A. Hanany, N. Prezas and J. Troost, The partition function of the two-dimensional black hole conformal field theory, J. High Energy Phys. 04 (2002) 014 [hep-th/0202129].

[15] S. Hwang and P. Roberts, Interaction and modular invariance of strings on curved manifolds,

hep-th/9211075.

[16] D. Israel, Quantization of heterotic strings in a Goedel/anti de Sitter spacetime and chronology protection, J. High Energy Phys. 01 (2004) 042 [hep-th/0310158].

[17] D. Israel, C. Kounnas and M.P. Petropoulos, Superstrings on ns5 backgrounds, deformed AdS_3 and holography, J. High Energy Phys. 10 (2003) 028 [hep-th/0306053].

[18] A. Giveon and E. Kiritsis, Axial vector duality as a gauge symmetry and topology change in string theory, Nucl. Phys. B 411 (1994) 487 [hep-th/9303016].

[19] Y. Kazama and H. Suzuki, New N = 2 superconformal field theories and superstring compactification, Nucl. Phys. B 321 (1989) 232.

[20] A. Pakman, Unitarity of supersymmetric SL(2, R)/U(1) and no-ghost theorem for fermionic strings in AdS_3 × N, J. High Energy Phys. 01 (2003) 077 [hep-th/0301110].

[21] P. Goddard, A. Kent and D.I. Olive, Unitary representations of the Virasoro and supervirasoro algebras, Commun. Math. Phys. 103 (1986) 105.

– 32 –

[22] E. Witten, Constraints on supersymmetry breaking, Nucl. Phys. B 202 (1982) 253.

[23] A. Pakman, Brst quantization of string theory in AdS_3, J. High Energy Phys. 06 (2003) 053 [hep-th/0304230].

[24] M. Henningson, S. Hwang, P. Roberts and B. Sundborg, Modular invariance of SU(1, 1) strings, Phys. Lett. B 267 (1991) 350.

[25] J.M. Maldacena and H. Ooguri, Strings in AdS_3 and SL(2, R) WZW model, I, J. Math. Phys.

42 (2001) 2929 [hep-th/0001053].

[26] K. Sfetsos, Degeneracy of string states in 2-d black hole and a new derivation of SU(1, 1) parafermion characters, Phys. Lett. B 271 (1991) 301.

[27] I. Bakas and E. Kiritsis, Beyond the large-N limit: nonlinear w(infinity) as symmetry of the SL(2, R)/U(1) coset model, Int. J. Mod. Phys. A7S1A (1992) 55–81 [hep-th/9109029].

[28] P.A. Griffin and O.F. Hernandez, Feigin-fuchs derivation of SU(1, 1) parafermion characters, Nucl. Phys. B 356 (1991) 287.

[29] S. Ribault and V. Schomerus, Branes in the 2-d black hole, J. High Energy Phys. 02 (2004) 019 [hep-th/0310024].

[30] H.J. Schnitzer, A path integral construction of superconformal field theories from a gauged supersymmetric Wess-Zumino-Witten action, Nucl. Phys. B 324 (1989) 412.

[31] D. Israel, A. Pakman and J. Troost, Extended SL(2, R)/U(1) characters, or modular properties of a simple non-rational conformal field theory, J. High Energy Phys. 04 (2004) 045 [hep-th/0402085].

[32] J.M. Maldacena, H. Ooguri and J. Son, Strings in AdS_3 and the SL(2, R) WZW model, II.

Euclidean black hole, J. Math. Phys. 42 (2001) 2961 [hep-th/0005183].

[33] C. Ahn, M. Stanishkov and M. Yamamoto, One-point functions of N = 2 super-Liouville theory with boundary, Nucl. Phys. B 683 (2004) 177 [hep-th/0311169].

[34] N. Seiberg, New theories in six dimensions and matrix description of M-theory on T^5 and T^5/Z_2, Phys. Lett. B 408 (1997) 98 [hep-th/9705221].

[35] O. Aharony, M. Berkooz, D. Kutasov and N. Seiberg, Linear dilatons, NS5-branes and holography, J. High Energy Phys. 10 (1998) 004 [hep-th/9808149].

[36] C. Kounnas, M. Porrati and B. Rostand, On N = 4 extended superliouville theory, Phys.

Lett. B 258 (1991) 61.

[37] C.G. Callan Jr., J.A. Harvey and A. Strominger, World sheet approach to heterotic instantons and solitons, Nucl. Phys. B 359 (1991) 611.

[38] I. Antoniadis, S. Ferrara and C. Kounnas, Exact supersymmetric string solutions in curved gravitational backgrounds, Nucl. Phys. B 421 (1994) 343 [hep-th/9402073].

[39] H. Ooguri and C. Vafa, Two-dimensional black hole and singularities of CY manifolds, Nucl.

Phys. B 463 (1996) 55 [hep-th/9511164].

[40] S. Yamaguchi, Gepner-like description of a string theory on a non-compact singular Calabi-Yau manifold, Nucl. Phys. B 594 (2001) 190 [hep-th/0007069]; Noncompact gepner models with discrete spectra, Phys. Lett. B 509 (2001) 346 [hep-th/0102176].

– 33 –

[41] E. Kiritsis, Character formulae and the structure of the representations of the N = 1, N = 2 superconformal algebras, Int. J. Mod. Phys. A 3 (1988) 1871.

[42] V.K. Dobrev, Characters of the unitarizable highest weight modules over the N = 2 superconformal algebras, Phys. Lett. A 186 (1987) 43.

[43] Y. Matsuo, Character formula of C < 1 unitary representation of N = 2 superconformal algebra, Prog. Theor. Phys. 77 (1987) 793.

[44] D. Gepner, Lectures on N = 2 string theory, lectures at Spring school on superstrings, Trieste, Italy, Apr 3-14, 1989, PUPT-1121.

[45] C. Kounnas, Four-dimensional gravitational backgrounds based on N = 4, c = 4 superconformal systems, Phys. Lett. B 321 (1994) 26 [hep-th/9304102].

[46] J.L. Petersen and A. Taormina, Modular properties of doubly extended N = 4 superconformal algebras and their connection to rational torus models, 1, Nucl. Phys. B 354 (1991) 689.

[47] C.R. Nappi and E. Witten, A closed, expanding universe in string theory, Phys. Lett. B 293 (1992) 309 [hep-th/9206078].

[48] C. Klimčík and A.A. Tseytlin, Exact four-dimensional string solutions and Toda like sigma models from ’null gauged’ WZNW theories, Nucl. Phys. B 424 (1994) 71 [hep-th/9402120].

[49] D. Tong, NS5-branes, T-duality and worldsheet instantons, J. High Energy Phys. 07 (2002) 013 [hep-th/0204186].

[50] T.H. Buscher, Path integral derivation of quantum duality in nonlinear sigma models, Phys.

Lett. B 201 (1988) 466.

[51] A.A. Tseytlin, Conformal sigma models corresponding to gauged Wess-Zumino-Witten theories, Nucl. Phys. B 411 (1994) 509 [hep-th/9302083].

[52] A.M. Polyakov and P.B. Wiegmann, Theory of nonabelian goldstone bosons in two dimensions, Phys. Lett. B 131 (1983) 121; Goldstone fields in two-dimensions with multivalued actions, Phys. Lett. B 141 (1984) 223.

[53] I. Bakas, Space-time interpretation of s duality and supersymmetry violations of t duality, Phys. Lett. B 343 (1995) 103 [hep-th/9410104].

[54] E. Bergshoeff, R. Kallosh and T. Ortin, Duality versus supersymmetry and compactification, Phys. Rev. D 51 (1995) 3009 [hep-th/9410230].

[55] I. Bakas and K. Sfetsos, T duality and world sheet supersymmetry, Phys. Lett. B 349 (1995) 448 [hep-th/9502065].

[56] T. Eguchi and Y. Sugawara, SL(2, R)/U(1) supercoset and elliptic genera of non-compact Calabi-Yau manifolds, J. High Energy Phys. 05 (2004) 014 [hep-th/0403193].

– 34 –